In this article Ehrhart quasi-polynomials of simplices are employed to determine isospectral lens spaces in terms of a finite set of numbers. Using the natural lattice associated with a lens space the associated toric variety of a lens space is introduced. It is proved that if two lens spaces are isospectral then the dimension of global sections of powers of a natural line bundle on these two toric varieties are equal and they have the same general intersection number. Also, harmonic polynomial representation of the group SO(n) is used to provide a direct proof for a theorem of Lauret, Miatello and Rossetti on isospectrality of lens spaces.
Introduction
Laplace-Beltrami operator is a natural second order elliptic operator on a Riemannian manifold defined as div • grad. It is well known that on a closed manifold, this operator has discrete positive eigenvalues with finite multiplicities [4] .Two Riemannian manifolds are isospectral if their Laplace-Beltrami operator have the same spectrum, considering multiplicities. A fundamental question by Mark Kac asks whether it is possible to find two nonisometric isospectral manifolds. The first negative answer to this question was provided by Milnor's 16 dimensional tori that is a geometric realization of self-dual lattices with the same theta functions [24] . Nowadays there are many methods to construct such manifolds, including Vigneras' arithmetic method which benefits from quaternion algebras [29] , Sunada's triple method and its generalizations based on free action of a triple (G, H 1 , H 2 ) consisting of a group G and two of its almost conjugate subgroups that provide an equivalent linear representation for regular representations which are not permutationally equivalent [28, 10, 11 ], Gordon's torus bundle method [3] etc. There are some examples of isospectral manifolds that cannot be derived from the above general methods including isospectral lens spaces introduced by Ikeda [16, 17, 18, 15, 14] .
Necessity of calculation of analytic torsion led Ray to present explicitly the spectrum of lens spaces. That was actually a continuation of works of Calabi, Gallot and Meyer on spectrum of spheres [25] . Ikeda used representation theory to find the spectrum of lens spaces. He also used his subtle method to study the spectrum of Hodge-Laplace operator on differential forms [16, 14] . Representation theory methods has been applied by Ikeda, Gordon, Gornet, Lauret, McGowan, Miatello, Rosetti and others to construct examples of spherical orbifolds and space forms that clarify differences between many types of isospectrality regarding the spectrum of elliptic differential operators on these spaces [13, 11, 21, 22] . Recently Lauret, Miatello, and Rossetti extended representation theoretic methods to find conditions on the natural lattices Γ associated with isospectral lens spaces [21] . These conditions completely determine isospectral lens spaces. Lauret also have recently applied the Ehrhart theory in more general context to drive a geometric characterization of isospectral orbifolds with the cyclic fundamental group [20] . On the other hand, Ehrhart proved that the number of points of the lattice Z n which lay inside an integral multiple of a rational polygon can be obtained by a rational function [7] . In the case of a rational simplex, Macdonald, Stanley and others gave an explicit formula for this rational function, so they provide an explicit formula for the number of lattice points inside simple polytopes [2] . Motivating from the theorem of Lauret, Miatello, and Rossetti, we naturally associate a simplex with a lens space. Using this simplex, we introduce the Ehrhart polynomial and associated toric variety of a lens space and we consider the effect of isospectrality of lens spaces on these objects. For the sake of completeness, a direct proof of Lauret, Miatello, and Rosetti's theorem is provided by using the theory of harmonic polynomials as a realization for representation theory of SO(n).
Here an overview of the paper is given. In section 2 preliminaries on lens spaces is presented. Ehrhart polynomial is introduced in section 3. In section 4 a proof of Lauret, Miatello, and Rosetti's theorem is presented. In section 5 methods of previous sections are used to find conditions for isospectrality of lens spaces. Also the toric variety associated with a lens space is introduced and the relation between the spectrum of a lens space and the number of global sections of the natural line bundle over the toric variety is considered.
Preliminaries on lens spaces

Harmonic Homogeneous polynomials
A multivariate polynomial P on n variables with coefficients in C is homogeneous of degree m if and only if P (λx 1 , ..., λx n ) = λ m P (x 1 , ..., x n ) for every λ ∈ C. The dimension of the complex vector space generated by these functions is equal to the number of different monomials of degree m in n variables, i.e.
n + m − 1 n − 1 . We denote the C-linear space of homogeneous polynomials of degree m on R n with coefficients in C and its subspace of harmonic homogeneous functions by P m (R n ) and H m (R n ) respectively. Let ∆ = div • grad be the Laplacian on the Euclidean space R n and let
, the kernel of T is equal to H m (R n ) and its image equals r 2 P m−2 (R n ) . The following equation, therefore, holds
Lens spaces
Let q be a positive integer, and let p 1 , ..., p m be integers that are prime to q. Let
and
Suppose that G ⊂ O(2m) is the finite cyclic group generated by g. If G as a group of isometries acts freely on S 2m−1 , then the manifold L = S 2m−1 /G, denoted by L(q, p 1 , ..., p m ), is called a lens space. Since the only finite groups with free action on even dimensional spheres are Z 2 and the trivial group, we leave these spheres out.
Spherical harmonic functions over lens spaces
We can extend a function f (θ) on S n−1 to a function g(θ) = f (θ/|θ|) on R n − {0} and use the ordinary Laplacian on R n to define the operator ∆ S n−1 as ∆ S n−1 f = ∆g. This operator equals div • grad on S n−1 with the induced inner product from R n . Now we compute ∆ in polar coordinates. Let r = |x| and θ = x/|x|, then
We also have ∂r
Therefore
For f (r) = r k we obtain
If
is an eigenfunction of −∆ S n−1 with the eigenvalue k(k + n − 1). Zero is a removable singularity for these harmonic functions and therefore such harmonic functions are polynomials of degree m.
Lattices and Ehrhart theory
The well-known definitions and facts of this section will be used in subsection 4.2 and in section 5. In this paper a lattice L is considered as a subgroup of the group Z n . Such a lattice is of full rank if L⊗R = R n . Let {v 1 , ..., v n } be a basis for L. The matrix whose columns are v 1 , ..., v n is called a generating matrix of the lattice L. Two matrices A and B are generating matrices of the same lattice iff there is a unimodular matrix U such that A = UB. An essential parallelepiped is the parallelepiped {
T is a generating matrix for L * . A convex polytope in R n is an integral (rational) polytope provided that all of its vertices are in the lattice Z n (Q n ). Let H n be the polytope {x ∈ R n ||x| l 1 ≤ 1} and let P be the rational polytope H n A −1 . Also let {u 1 , ..., u n } be a basis of L * . Define l(u i ) to be the smallest integer that l(u i )u i ∈ Z n and set
where s is the greatest common divisor of all n by n minors of the matrix whose rows are γ i . Let I(A, k) be the cardinal of the set
A theorem of Stanley [27] asserts that J(A, x) = (
i where c i is a periodic function. In the case that P is a convex integral polytope, Ehrhart proved that I(A, x) is a polynomial of x. The leading term of Ehrhart polynomial is equal to V ol(P ) and the second coefficient is equal to 1 2 f∈F V ol(f), when F is the set of closed facets of the polytope P .
Isospectrality of lens spaces
Eigenfunctions of lens spaces
Let π : S 2m−1 → S 2m−1 /G be the natural local isometry from the sphere to the lens space L = S 2m−1 /G. Locally isometric spaces have the same local form of Laplace-Beltrami operator. So if f is an eigenfunction of LaplaceBeltrami operator on S 2m−1 /G associated with the eigenvalue λ, then f • π is an eigenfunction of −∆ S 2m−1 with the same eigenvalue λ. Multiplicity of an eigenvalue λ is equal to the maximum number of independent eigenfunctions associated with the eigenvalue λ. For the Laplace-Beltrami operator on a lens space this multiplicity is the same as the dimension of the space generated by those λ-eigenfunctions of −∆ S 2m−1 which are invariant under the action of G on S 2m−1 . So this is nothing but the dimension of the vector space of homogeneous harmonic polynomials on R 2m that are invariant under the action of G on S 2m−1 .
The lattice associated with a lens space
The main part of this subsection is devoted to finding an elementary proof for the theorem of Lauret, Miatello and Rossetti 4.4 and defining fini-tely many invariants which determine the isospectrality of two lens spaces. The important fact that the Laplace-Beltrami operator on a manifold commutes with the isometries of the manifold and the main lemma 4.2 are used to decompose the vector space of λ-eigenfunctions of the Laplace-Beltrami operator. Let z j = x j + iy j and z n+j =z j , j = 1, . . . , n. In this case the monomials n j=1 z (9) where σ(j) = n + j if α n+j − α j ≥ 0 and σ(j) = j otherwise. The action of an element γ ∈ G changes these monomials by a factor e 2πi q n j=1 (α j −α n+j )p j . These monomials are linearly independent so a polynomial is invariant under the action of G iff all of its monomials are invariant under this action. This will happen iff
holds.
Definition 4.1. The lattice associated with a lens space S 2m−1 /G is defined to be the lattice L = {(a 1 , ..., a n ) ∈ Z n | n j=1 a j p j ≡ 0 (mod q)} [21] . Note that there is a one to one correspondence between L and the monomials of the form
that are invariant under the action of G. Such correspondence can be figured out by mapping the element α = (α n+1 − α 1 , α n+2 − α 2 , ..., α 2n − α n ) to the monomial
. Lemma 4.2. Let each Q l be a complex polynomial of n variables. Let
be a harmonic function where the ele-
are distinct for different l's. Then each summand
is harmonic.
Proof : The Laplacian commutes with the elements (R(θ 1 ), R(θ 2 ), ..., R(θ n )) ∈ SO(2n).
So we have
Now if for each (θ 1 , ..., θ n ) ∈ R n the element j e i n l=1 (θ l |α j n+l −α j l |) η j is equal to zero then η j must be zero. Thus the desired polynomials are harmonic.
Note that the homogeneous parts of harmonic polynomials are harmonic. Now for the fixed element
we look for harmonic polynomials of degree m of the form
where Q is a homogeneous polynomial of degree r. The equation 2r + ||α|| 1 = m is satisfied by the degree r and the element α. We call these kind of harmonic functions the harmonic polynomials associated with α. For the basis elements of P m let
be the unique decomposition [1] of the above monomial when p is a harmonic polynomial of degree m, q is a homogeneous polynomial of degree m − 2 and
In this case, due to commutativity of the Laplacian with γ ∈ G, ∆(γ(p)) is equal to zero and therefore γ(p) will be a harmonic polynomial. The element γ preserves the monomial, thus by the uniqueness of decomposition it preserves both p and q. By a similar argument, an arbitrary element η of SO(n), with the matrix form (R(θ 1 ), R(θ 2 ), ..., R(θ n )), acts on two sides of the equation (12) as follows
Multiplying both sides of (12) by e i n j=1 θ j |α n+j −α j | we obtain
Comparing (13) and (14), by uniqueness of decomposition we deduce
Therefore each monomial of q can be written in a form like (9) . It follows that
where h is a homogeneous polynomial of degree r − 1. The following theorem calculates the dimension of these polynomials. 
Proof : If we decompose each monomial of (11) and use the given format of (15) for q we deduce that this dimension is the same as the difference of dimensions of the spaces of homogeneous polynomials of degrees r and r − 1 on n variables.
So for the lens space L = S 2n−1 /G the multiplicity of the eigenvalue k(k + 2n − 1) − 1) of the Laplace-Beltrami operator is equal to
where N L (s) is the number of elements α on the associated lattice L in which ||α|| 1 = s. Note that the equality of f L 1 and f L 2 leads to the equality of N L 1 and N L 2 and vice versa [21] . As a result we have the following theorem of Lauret, Miatello and Rossetti.
For the lattice L, let A be as in section 3. By (16) the multiplicity of the eigenvalue k(k + n − 1) is equal to
As a result of previuos theorem if the associated lattices of two lens spaces differ by an element of SL(n, Z) then these lens spaces are isospectral. Corollary 4.6. Referring to the notations of section 3, two lens spaces are isospectral iff the finitely many numbers l(u i ) and r i are the same for the associated lattices.
In order to determine a relation between lens spaces and toric varieties we need integral polytopes. Generally, P = H n A −1 is not an integral polytope. The following theorem leads us to modify our polytope P to an appropriate one. are equal iff for each k ∈ N the quasi-Ehrhart polynomials of rational polytopes kH n A −1 and kH n B −1 are equal.
Proof : The cardinality of xkH n A −1 ∩ Z n is equal to I(A, kx) which is equal to I(B, kx). and kH n B −1 . These polytopes have volumes
(ii) The proof is the same as the one in the previous theorem, when we consider the second coefficient of the Ehrhart polynomial.
Toric varieties associated with lens spaces
In this section we define the toric variety associated with a lens space and we consider the effect of isospectrality of two lens spaces on their toric varieties. Our notations and definitions coincide with the ones in [5] .
Using the same notations as section 4, let L be the associated lattice of the lens space L with the generating matrix A and let P denote the polytope (det A)H n A −1 . An Integral polytope P is very ample if for every vertex m ∈ P , the semigroup N(P ∩ Z n − m) generated by {m
Theorem 5.1. Let P be a full dimensional integral polytope of dimension n ≥ 2. Then nP is very ample [5] .
Note that very ampleness is precisely the property needed to define the toric variety of an integral polytope.
Let P be a full n-dimensional very ample polytope and Σ P be the associated normal fan [8] of P . Let σ * be the dual cone of σ ∈ Σ P . Also, let
) χ m , we obtain an abstract variety X Σ P which is a normal toric variety. According to Lemma 4.7, if two lens spaces are isospectral then the Ehrhart polynomials of the same multiple of their associated polytopes are equal. Motivating by these facts the following definition is given. Definition 5.2. A toric variety of a lens space is the toric variety X Σ P constructed by the very ample polytope nP .
C
×n is the maximal algebraic torus which acts freely on a dense subset of the toric variety. Let Σ(1) be the set of 1-dimensional cones in Σ P . The 1-dimensional cones ρ ∈ Σ(1) correspond to (n − 1)-dimensional C ×n -orbits in X Σ P denoted by O(ρ). Let D ρ be the Zariski closure of the orbit O(ρ), then D ρ is a C ×n -invariant prime divisor of X Σ . Let D = ρ∈Σ(1) a ρ D ρ be a torus invariant Cartier divisor on X Σ P . For each ρ ∈ Σ(1), we can choose a ρ naturally by real numbers used to define the ρ-facets of P [5] .So D will be a natural divisor. Now for the sections of the sheaf O X Σ P (D) we have Γ(X Σ P , O X Σ P (D)) = m∈P ∩Z n (C Z < χ m >), where < χ m > is the Zmodule generated by χ m [5] . We know that on a normal variety X, the sheaf O X (D) is equal to the sheaf of sections of a line bundle L which is unique up to isomorphism. We call L, the natural line bundle on the toric variety X P . Let H 0 (X P , L k ) denote the sections of the kth power of L. The above discussion leads us to the next theorem for toric varieties associated with lens spaces. Theorem 5.3. Let L 1 and L 2 be two lens spaces and let X 1 and X 2 be the toric varieties associated with them. If L 1 and L 2 are isospectral, then
Proof : (i) The dimension of global sections of L k is equal to the cardinality of kP ∩ Z n . So the proof is a result of Theorem 4.5.
(ii) From the BernsteinKouchnirenko theorem, we know that the 1 n! deg(X i ) are equal to the leading term of Hilbert polynomial of X i [19] and this leading term is equal to the volume of the associated polytope. So the theorem is a result of Theorem 4.8.
Question.1. Find a natural toric variety X (integral polytope) associated with a lens space, in such a way that the isospectrality of two lens spaces be equivalent to the equality on dimH 0 (X, L k ) for each k ∈ N. Question.2. Generalize the theorem 5.3 when isospectrality being considered with respect to Hodge-Laplace operators.
